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Abstract

In order to address the impact of the concentration gradients on the chemistry – 
turbulence interaction in turbulent flames, the REDIM reduced chemistry is 
constructed incorporating the scalar dissipation rate, which is a key quantity 
describing the turbulent mixing process. This is achieved by providing a variable 
gradient estimate in the REDIM evolution equation. In such case, the REDIM 
reduced chemistry is tabulated as a function of the reduced coordinates and the 
scalar dissipation rate as an additional progress variable. The constructed REDIM 
is based on a detailed transport model including the differential diffusion, and is 
validated for a piloted non-premixed turbulent jet flames (Sandia Flame D and E). 
The results show that the newly generated REDIM can reproduce the thermo-kinetic 
quantities very well, and the differential molecular diffusion effect can also be well 
captured.
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1. Introduction

An accurate modeling of the interaction be-
tween mixing processes and the chemical kinetics 
is an important issue in numerical simulations of 
turbulent non-premixed flames [1, 2, 3]. One of the 
challenges is the modeling of the chemical source 
terms, since they are strongly introduced by the 
turbulent mixing process and molecular transport. 
The Probabilty Density Function (PDF) method [4, 
5] is a widely used method, because the chemical 
source term can be solved in a closed form, without 
any modeling [4, 6]. 

However, since the governing conservation 
equations for species including detailed chemi-
cal kinetics have a high dimensionality due to the 
large number of species and the high stiffness due 
to strong non-linearity of elementary reaction rates 
[7, 8], which leads to an extreme complexity and 
high computational load with respect to the com-
putational time and memory storage, there is an ur-
gent for reduced models for the chemical kinetics. 
Manifold-based simplified chemistry is one of the 

major methods for the simplification of chemistry. 
Examples include The Intrinsic Low-Dimension-
al Manifolds (ILDM) method [9], the Flame Pro-
longation of ILDM (FPI) method [10], the Steady 
Laminar Flamelet Model (SLFM) [11], the Reac-
tion-Diffusion Manifolds (REDIM) method [12], 
the Flamelet Generated Manifolds (FGM) [13] and 
many others. 

Although the application of the manifold-based 
simplified chemistry can largely reduce the compu-
tational cost, one additional problem arises when 
they are applied to model turbulent flames: 

It is well known that the turbulent mixing can 
significantly affect the chemical reactions [14, 15].  
It is therefore important to know whether the sim-
plified chemistry can reproduce the effect of the 
turbulent mixing on the chemical kinetics correctly.

Throughout the whole work, we focus on the 
REDIM methodology, which takes into account 
the molecular transport process in the generation of 
reduced chemistry. Recently in [16] the effect of 
turbulent mixing process on the chemistry has been 
successfully modeled in the framework of RE-
DIM concept. There the gradients of reduced co-
ordinates are considered as additional independent 
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progress variables in the parametrization of the 
REDIM reduced chemistry, and these gradients, 
depending on the turbulence intensity, can be de-
termined simultaneously. However, this algorithm 
has a drawback that the REDIM can have a high 
dimension, because for each reduced variable its 
gradient must be considered as additional progress 
variable in the tabulation of the REDIM reduced 
chemistry. 

For the non-premixed laminar and turbulent 
flames, the scalar dissipation rate is a key quantitiy 
to represent the turbulent mixing process [17], and 
depends on the scalar gradients. In other words, 
if we provide the scalar gradient into the REDIM 
from flame scenarios with different scalar dissi-
pation rates, then the REDIM reduced chemistry 
can incorporate the influence of turbulent mixing 
process on the chemical kinetics in terms of the 
scalar dissipation rates, and the impact of the con-
centrations gradients on the chemistry – turbulence 
interaction can be represented.

This work is organized as follows: Section 2 
provides a short outline about the models used for 
the turbulence and the REDIM reduced chemistry 
taken into account the effect of turbulent mixing in 
terms of scalar dissipation rate. Section 3 explains 
in detail the numerical procedure for the genera-
tion of the REDIM reduced chemistry and also the 
coupling between the turbulence model and the 
REDIM model. Finally, the validation of the pro-
posed algorithm is shown in Section 4. Important 
issues will then be summarized in the conclusion 
section.

2. Mathematical models 

The method for the numerical simulation of 
the turbulent reacting flows used in this is a hy-
brid CFD/transported-PDF model. This model 
consists of two parts which are coupled with each 
other: one is the CFD program solving the Reyn-
olds-averaged Navier-Stokes (RANS) equation [2, 
18, 19] to obtain the hydrodynamic quantities; the 
other part is the PDF program solving the trans-
ported-PDF equation [4] to obtain the thermo-ki-
netic quantities of the flow. Furthermore, in order 
to reduce the computational effort caused by the 
detailed chemical kinetics, the Reaction-Diffu-
sion Manifolds (REDIM) method [12], one of the 
model reduction for the chemical kinetics, is used. 
In the following, all three methods will be briefly 
outlined. The coupling between these methods are 
presented in the next section.

2.1. Reynolds-averaged Navier-Stokes (RANS) 
method

The basic idea to derive a Reynolds-averaged 
Navier-Stokes (RANS) equation is the Favre-
averaging, in which a quantity q(x, t) can be split 
into a density-weighted Favre-averaged quantity             

   and the corresponding fluctuation q′′(x,t) 
[2, 18, 20]: 

𝑞𝑞𝑞𝑞 𝐱𝐱𝐱𝐱, 𝑡𝑡𝑡𝑡 = �𝑞𝑞𝑞𝑞 𝐱𝐱𝐱𝐱 + 𝑞𝑞𝑞𝑞′′ 𝐱𝐱𝐱𝐱, 𝑡𝑡𝑡𝑡 .

By applying the Favre-averaging, the Favre-
averaged continuity equation and momentum 
equation for RANS can be written as [2, 18, 20]:

where i,j = 1,2,3, and the Einstein summation con-
vention is used. In both equations, t is the time, 
ρ the density of mixture and p the pressure. The 
u = (u1, u2, u3)T is the vector of the components of 
the flow velocity, and τij is the stress tensor [19]. 
δij denotes the Kronecker delta.

The Reynolds stresses             appear in an un-
closed form and need to be modeled. In the present 
work, the Reynolds stresses are obtained from the 
PDF part. Moreover, we consider the system as ad-
iabatic. The Favre-averaged temperature      is not
determined by solving an Favre-averaged conser-
vation equation for the energy, but from the PDF 
part (see below for details). 

2.2. Transported Probability-Density-Function 
(TPDF) method

In the present work, a one-point one time joint 
Probability Density Function (PDF) [4] of veloci-
ty, composition and turbulent frequency fωuΨ (Θ, v, 
Φ; x, t) [3] is employed. The motivation to obtain 
the fωuΨ (Θ, v, Φ; x, t) is that important informa-
tion such as average, variance and co-variance can 
be obtained [4, 6]. The PDF of a flow is a-priori 
unknown, but can be obtained by solving a trans-
ported-PDF equation to obtain the instantane-
ous PDF at every position in the flow field [4, 6]. 

 )(xq~

Eq. 1
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In the derived transported-PDF equation, the 
thermo-kinetic source term appears in a closed 
form [4].

To solve the integral-differential transport-
ed-PDF equation efficiently, the Monte-Carlo par-
ticle method was suggested [4], and the PDF is 
represented by an ensemble of notional particles 
evolving according to the stochastic processes de-
scribed by either ordinary differential equations 
(ODEs) or stochastic differential equations (SDEs):
•	 The position of each notional particle evolves 

by its own velocity in form of ODE.
•	 The evolution of particle velocity is modeled 

by the simplified Langevin model (SLM) in 
form of SDE [4, 19].

•	 The turbulent frequency of each notional par-
ticle is modeled based on the gamma-distribu-
tion model [19] in form of SDE.

•	 The evolution of the thermo-kinetic state is cal-
culated in form of ODE as:

where i = 1,2, ···, Np (Np: number of notional par-
ticles per CFD cell). S(Ψ*,i) is the thermo-kinetic 
source term, and M describes the molecular mixing 
process. It should be mentioned here that the mod-
el for the molecular mixing process M affects the 
accuracy of the overall numerical simulation sig-
nificantly. Various mixing models have been pro-
posed including, but not limited to, the Interaction 
by Exchange with the Mean (IEM) [21], the Curl’s 
coalescence and dispersion Model (CD) [22], the 
Euclidean Minimum Spanning Trees (EMST) [23], 
the Conditional Moment Closure (CMC) [24] and 
the Multiple Mapping Conditioning (MMC) [25]. 
A review on different mixing models and the dis-
cussion on their advantages and disadvantages can 
be found in e.g. [6, 26].

Although the PDF method deals with the chem-
ical kinetic in an exact way without any modeling, 
the needed system of the ODEs (Eq. 4) using de-
tailed chemical kinetics can become very complex 
in terms of dimensionality and non-linearity [7, 8], 
leading to a high computational cost in the numer-
ical integration for the evolution of thermo-kinetic 
state due to chemical reaction. Therefore, in the 
next section, method for the simplification of the 
chemical kinetics are introduced, so that the com-
putational effort due to chemical kinetics can be 
significantly reduced without losing accuracy.

𝑑𝑑𝑑𝑑Ψ∗,𝑖𝑖𝑖𝑖

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
= S Ψ∗,𝑖𝑖𝑖𝑖 + M Ψ∗,1,⋯ ,Ψ∗,𝑖𝑖𝑖𝑖,⋯ ,Ψ∗,𝑁𝑁𝑁𝑁𝑝𝑝𝑝𝑝 , Eq. 4

2.3. Reduction of Chemical Kinetics: Reac-
tion-Diffusion Manifolds (REDIM)

We begin with the general form to describe the 
evolution of the thermo-kinetic states (enthalpy h, 
pressure p, species mole number ϕi) in a reacting 
flow in terms of state vector Ψ = (h, p, ϕ1, ϕ2, ..., 
ϕnsp)T [7, 8]:

𝜕𝜕𝜕𝜕Ψ
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝐅𝐅𝐅𝐅 Ψ − 𝐮𝐮𝐮𝐮 ∙ grad Ψ −
1
𝜌𝜌𝜌𝜌

div 𝐃𝐃𝐃𝐃 ∙ grad Ψ ,

Eq. 5

where ρ is the mixture density, ϕi = wi/Mi the ra-
tio between mass fraction and molar mass of i-th 
species, and nsp the number of species. D is the 
n × n – dimensional transport matrix including mo-
lecular diffusion and heat transport F(Ψ) the n – di-
mensional source term accounting for the chemical 
reactions, and u the vector of velocity.

The high dimensionality and stiffness of the 
governing conservation equations for species in-
cluding detailed chemical kinetics increase signif-
icantly the computational effort [8]. However, as 
shown in [27], analysis based on Direct Numerical 
Simulation (DNS) reveals two major observations. 
Firstly, not all composition space is accessed. Sec-
ondly, the whole dynamic system is constrained 
around some low-dimensional manifolds due 
to the existence of the characteristic time-scales 
within a combustion system differing by orders of 
magnitude typically from 1 s to 10-10 s [9]. Follow-
ing both observations, one efficient way for the 
reduction of chemical kinetics is to find out such 
low-dimensional manifolds     that can be used 
to approximate the full system dynamics:

ℳ = Ψ: Ψ = Ψ 𝜃𝜃𝜃𝜃 , Ψ:ℝ𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠 → ℝ𝑛𝑛𝑛𝑛 , Eq. 6

ℳ

where θ is the mS – dimensional vector of reduced 
coordinate with mS « n.

In this work, the Reaction-Diffusion Mani-
folds (REDIM) method [12] is used for the sim-
plification of chemical kinetics, which takes into 
account transport processes (e.g. convection, mo-
lecular diffusion, heat transport). In the follow-
ing, we will first briefly review the concept of the 
REDIM method. More details about the theory can 
be found in e.g. [12]. According to the [12], by 
solving the following evolution equation:
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𝜕𝜕𝜕𝜕Ψ(θ)
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝐈𝐈𝐈𝐈 − Ψ𝜃𝜃𝜃𝜃 ∙ Ψ𝜃𝜃𝜃𝜃
+ ∙ 𝐅𝐅𝐅𝐅 Ψ(θ) −

1
𝜌𝜌𝜌𝜌

𝐃𝐃𝐃𝐃Ψ𝜃𝜃𝜃𝜃 ∙ γ θ 𝜃𝜃𝜃𝜃 ∙ γ θ ,

Eq. 7

its steady solution yields the REDIM. In this equa-
tion, Ψθ is the matrix of partial derivatives of the 
thermo-kinetic state vector Ψ with respect to the 
reduced coordinates θ.      is the pseudo-inverse 
of Ψθ fulfilling the condition:                     .  

The most important feature in this REDIM evo-
lution equation (Eq. 7) is that besides the initial and 
boundary conditions, the integration of this evolu-
tion equation requires additional information about 
the gradient estimate γ(θ) = grad(θ). As shown in 
[28, 29], for both premixed and non-premixed 
combustion system, the gradient estimate can be 
important for the REDIM with low dimensions 
(usually one-dimensional and two-dimensional), 
but the REDIM becomes less sensitive to the gra-
dient estimate if the REDIM is three-dimensional 
or higher [28, 29]. Moreover, it has been shown in 
[30] that the REDIM reduced chemistry does not 
depend on the choice of the reduced coordinates θ, 
since the REDIM is an invariant manifold.

Different approaches have been proposed in 
previous works, including 1) estimating the gradi-
ent by constant values [30]; 2) taking the gradi-
ent from typical flame scenarios such as burning 
flames and mixing process [31]; 3) taking the gra-
dient from the DNS data if available [32]. 

In this work, we use the second approach, in 
other words, the REDIM is built by taking the 
gradient from detailed chemistry calculations of 
steady laminar counterflow flame scenarios. This 
has the advantage that these flame scenarios con-
tain information about their scalar dissipation rate 
defined as [33]:

𝜒𝜒 = 2 ∙ 𝐷𝐷𝜉𝜉 ∙ ∇𝜉𝜉 𝑠𝑠𝑠𝑠
2 Eq. 8

at the location of stoichiometric mixture fraction 
ξst, and Dξ is the diffusion coefficient of mixture 
fraction ξ, and in the framework of turbulent flow 
it can be modeled according to [18, 11] based on 
the mixture fraction variance ξ′′ and the turbulent 
frequency ω as:

𝜒𝜒 = 𝐶𝐶𝜒𝜒 ∙ 𝜔𝜔 ∙  𝜉𝜉′′2, Eq. 9

where the model constant Cχ is usually set to be 2 
[11].

The scalar dissipation rate is an important vari-
able in turbulent combustion systems [1, 34] which 
governs the interaction between the mixing process 
and the chemical reaction process. If one takes the 
gradient from these flame scenarios, the REDIM 
incorporates the scalar dissipation rate from turbu-
lent flows automatically, and the effect of the sca-
lar dissipation rate χ on the chemical kinetics is in-
cluded in the REDIM reduced chemistry kinetics. 

In the tabulation of the REDIM chemistry, the 
scalar dissipation rate is then an additional varia-
ble besides reduced coordinates θ. In this case, the 
REDIM reduced chemistry is tabulated as a func-
tion of θ and χ:

ℳREDIM = Ψ: Ψ = Ψ 𝜃𝜃𝜃𝜃,𝜒𝜒𝜒𝜒 , Ψ:ℝ𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠+1 → ℝ𝑛𝑛𝑛𝑛 ,
Eq. 10

and the effect of the scalar gradient on the turbu-
lence-chemistry interaction can be represented in 
terms of the variable χ. In the next section, the gen-
eration of REDIM integrated with the scalar dissi-
pation rate will be discussed in details.  

3. Numerical Procedure

In this section, the numerical procedure for the 
generation of the REDIM reduced chemistry tak-
ing into account the scalar dissipation rate will be 
discussed. Then the numerical algorithm for the 
hybrid CFD/transported-PDF model coupled with 
REDIM will be outlined. 

3.1. Implementation of scalar dissipation rate in 
the REDIM concept

To illustrate the implementation of scalar dis-
sipation rate in the REDIM, a non-premixed CH4 
diffusion flame in counterflow configuration is 
considered, corresponding to the Sandia Flame in-
let conditions [35]:
•	 Fuel side: the mixture composition consists of 

25-vol% methane and 75-vol% air with T = 
294 K. This side corresponds to the thermo-ki-
netic state of the main jet in the Sandia Flame.

•	 Oxidizer size: the mixture composition con-
sists of pure air with T = 292 K. This side 
corresponds to the thermo-kinetic state of the 
co-flow in the Sandia Flame. The whole com-
bustion system is operated under the ambient 
pressure (p = 1 bar). The numerical simula-
tion for the laminar flame calculation and the 
generation of the REDIM reduced chemistry 
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are performed using the in-house HOMREA 
and INSFLA code [36]. A detailed transport 
model based on Curtiss-Hirschfelder approxi-
mation [37] including the Soret effect [38] is 
used. The GRI 3.0 mechanism [39] is used. A 
detailed description for the REDIM generation 
procedure about the numerical issues including 
the initial conditions, boundary conditions and 
the grid sensitivity with respect to the REDIM 
accuracy can be found elsewhere such as [28, 
40, 41]. In the present work, two REDIMs with 
different dimensions are generated:

•	 One is the two-dimensional (2D) REDIM giv-
en as: 

ℳ2D−REDIM = Ψ: Ψ = Ψ 𝜃𝜃𝜃𝜃1,𝜒𝜒𝜒𝜒 , Ψ:ℝ2 → ℝ𝑛𝑛𝑛𝑛 .

This 2D REDIM is a bunch of one-dimensional 
REDIMs parametrized by one reduced variable θ1  
and different scalar dissipation rate χ. 

The initial solution for every one-dimensional 
REDIMs uses simply the Burke-Schumann solu-
tion [42], and the boundary conditions are set as 
fixed boundaries determined by two points: the 
thermo-kinetic states of fuel side and of oxidizer 
side, as represented in Fig. 1(a).

 

 

Fig. 1. Two-dimensional REDIMs tabulated as Ψ = Ψ (θ1, 
χ): (a) ‒ the initial and boundary conditions; (b) ‒ gradient 
estimate for different scalar dissipation rate χ.

Then the gradient estimate γ(θ) in Eq. 7 are tak-
en from different detailed flame solutions with the 
corresponding different scalar dissipation rates, as 
shown in Fig. 1(b). 

The other one is the three-dimensional (3D) 
given as: 

ℳ3D−REDIM = {Ψ: Ψ = Ψ 𝜃𝜃𝜃𝜃1,𝜃𝜃𝜃𝜃2,𝜒𝜒𝜒𝜒 , Ψ:ℝ3 → ℝ𝑛𝑛𝑛𝑛}

This 3D REDIM is a bunch of two-dimensional 
REDIMs parametrized by two reduced variables 
θ = (θ1, θ2)T different scalar dissipation rate χ.

The boundary conditions for each two-dimen-
sional REDIMs are the same. The very left and the 
very right points represent the thermo-kinetic states 
of the fuel and oxidizer sides, which are set as fixed 
values. The upper boundary (red line in Fig. 2(a)) is 
determined by the Burke-Schumann solution [42] 
and the lower boundary by the pure mixing process 
without reaction. Both upper and lower boundaries 
are set to be moving boundaries and can be adapted 
according to the algorithm proposed in [28].

The gradient estimates γ(θ) in Eq. 7 are also taken 
from different detailed flame solutions with different 
scalar dissipation rates. And the gradient estimates 
are extrapolated to the upper and lower bound-
aries of the whole domain, as shown in Fig. 2(b).

 

 

Fig. 2. Three-dimensional REDIMs tabulated as Ψ = Ψ 
(θ1, θ2, χ): (a) ‒ the initial and boundary conditions; (b) ‒ 
gradient estimate for different scalar dissipation rate χ.

(a)

(b)

(a)

(b)
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Figure 3 shows representative 2D REDIM (a) 
and 3D REDIM (b) surface for different values 
of scalar dissipation rates χ. Note that for the 2D 
REDIM, the REDIM must coincide with the de-
tailed flame solution with the same scalar dissipa-
tion rate, if the exact gradient is supplied. From 
this figure, the effect of the scalar gradient on the 
reduced chemical kinetics can be observed clearly. 
For larger scalar dissipation rate, corresponding to 
a higher scalar gradient (c.f. Fig. 2(b)), the reac-
tants mix with each other in a less complete degree 
and the system departures away from the equilibri-
um state. This phenomena indicates that the influ-
ence of the scalar gradient on the state space can 
be well represented in the framework of REDIM 
concept with scalar dissipation rate as an addition-
al variable. 

3.2. Numerical Procedure for the coupling of 
hybrid RANS/transported-PDF/ REDIM models

Figure 4 outlines the whole numerical proce-
dure for the hybrid RANS/transported-PDF cou-
pled with REDIM reduced chemistry. In the RANS 
part (blue color), the Favre-averaged continuity 
(Eq. 2) and Navier-Stokes equations (Eq. 3) are 

 ρ
 u~

𝜃𝜃𝜃𝜃∗ 𝑡𝑡𝑡𝑡𝑛𝑛𝑛𝑛+1 = 𝜃𝜃𝜃𝜃∗ 𝑡𝑡𝑡𝑡𝑛𝑛𝑛𝑛 + 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝜃𝜃𝜃𝜃∗,𝜒𝜒𝜒𝜒 ∙ ∆𝑡𝑡𝑡𝑡

The Favre-averaged temperature           for one 
CFD cell (Rg: the gas constant) is calculated from 
all notional particles T*(θ*,χ) in the same CFD cell 
in the PDF part. The coupling between the PDF 
part and the RANS part is achieved by determining 
the averaged pressure for the CFD cell:

 

 

Fig. 3. Representative 2D REDIM (a) and 3D REDIM 
(b) surface at three different values of scalar dissipation 
rate χ: (a) ‒                                                  ;   

(b) ‒                                                   .

solved to get the averaged density        and velocity   
 for each CFD cell, and will be fed into the PDF 

part. In the PDF part (orange color), Np notional 
particles are distributed in each CFD cell. Then the 
evolution equation for the spatial position X*, the 
velocity fluctuation u′′,*) and the turbulent frequen-
cy ω* are numerical integrated, consistent with the 
algorithm used in [43, 44]. After that the change of 
the reduced coordinates for each notional particle 
is determined by the mixing model. 

For the reaction process, the REDIM subrou-
tine will be called. The scalar dissipation rate of 
each notional particle will be calcuated using Eq. 
9. Based on the information of the reduced coor-
dinates θ and the scalar dissipation rate χ, the re-
action rates RR(θ*,χ) and the temperature T*(θ*,χ) 
can be retrieved from the REDIM table via a table 
look-up. Then the evolution of the reduced coordi-
nates due to chemical reaction can be calculated as:

Eq. 11

�𝑝𝑝𝑝𝑝 = �𝜌𝜌𝜌𝜌 ∙ �𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔 ∙ 𝑇𝑇𝑇𝑇, Eq. 12

and the Reynolds stresses determined from the SLM 
model in the PDF part.

 

Fig. 4. Flow chart for the hybrid CFD/transported-
PDF method coupled with REDIM reduced chemistry 
incorporating the scalar dissipation rate.
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4. Results and discussion
 

To validate the generated REDIM reduced 
chemistry and to investigate whether the effect of 
the turbulent mixing process on the REDIM can 
be re-produced if one considers the scalar dissipa-
tion rate as additional progress variable, the well-
known piloted non-premixed methane/air diffusion 
flames, Sandia Flames [35], are selected as repre-
sentative validation flames. For this flame series, 
species such as H2 need to be especially well pre-
dicted to capture the effect of the turbulent mixing 
due to its high diffusivity [45]. The Sandia Flame 
series consist of 
•	 a main jet with diameter Dj = 7.2 mm and mix-

ture composition of 25% methane and 75% air 
by volume with temperature Tj = 294 K, and

•	 a co-axial pilot with an inner diameter of 
7.7 mm and an outer diameter of 18.2 mm and 
a mixture of C2H2, air, CO2 and N2 under lean 
condition (Φ = 0.77).

A more detailed description for the experimen-
tal configuration can be found in [35]. The Sandia 
Flame D (Re = 22000) and Sandia Flame E (Re = 
36000) [35] are investigated in the present work. 
The mixture fraction is defined consistently with 
the definition used in the experimental measure-
ments [35]:

𝜉𝜉𝜉𝜉 =
2(𝑤𝑤𝑤𝑤c −𝑤𝑤𝑤𝑤c,2)/𝑀𝑀𝑀𝑀c + 0.5(𝑤𝑤𝑤𝑤H −𝑤𝑤𝑤𝑤H,2)/𝑀𝑀𝑀𝑀H

2(𝑤𝑤𝑤𝑤c,1 −𝑤𝑤𝑤𝑤c,2)/𝑀𝑀𝑀𝑀c + 0.5(𝑤𝑤𝑤𝑤H,1 −𝑤𝑤𝑤𝑤H,2)/𝑀𝑀𝑀𝑀H
,

where wH and wc are the elemental mass fraction C 
and H, and MH and Mc are the corresponding molar 
mass. The subscript 0 refers to the co-flow air and 
the subscript 1 refers to the main jet.

The model parameters and their correpsonding 
values used in the transported-PDF model are list-
ed in Table. The particle cloning and clustering al-
gorithm [6] is used to ensure a high computational 
efficiency, avoiding excessive number of notional 
particles in one CFD cell.

The boundary conditions for the mean velocity, 
the Reynolds stresses, the turbulent frequency and 
the turbulent kinetic energy are the same as the nu-
merical setup used in [46].

For the chemical kinetics, two REDIM reduced 
chemistries are applied:
•	 N2 – χ – REDIM: this is a 2D REDIM tabulated 

as:

•	 N2 – θ2 – χ – REDIM: this is a 3D REDIM tab-
ulated as:

ℳ2D−REDIM = Ψ: Ψ = Ψ 𝜙𝜙𝜙𝜙N2
,𝜒𝜒𝜒𝜒 , Ψ:ℝ2 → ℝ𝑛𝑛𝑛𝑛 .

ℳ3D−REDIM = {Ψ: Ψ = Ψ 𝜙𝜙𝜙𝜙N2
,𝜃𝜃𝜃𝜃2,𝜒𝜒𝜒𝜒 , Ψ:ℝ3 → ℝ𝑛𝑛𝑛𝑛}

where the second reduced coordinate θ2 is given as:

θ2 = ϕCO2
 + 0.5 ∙ ϕH2O.

The choice of this combination is based on 
the investigation on the coupling of the turbulent 
mixing processes with manifold-based simplified 
chemistry (more details in [47]).

For both cases, the ϕN2 is selected as the first 
reduced variable because it is chemical neutral and 
represents the mixing process. Note again that the 
generation of the REDIM reduced chemistry is in-
variant with respect to the choice of θ, while the 
application of the REDIM coupled with the mixing 
process in the turbulent simulation requires a suit-
able choice of θ (more details in [47]).

Figure 5 shows the predicted burning index 
of the temperature BI(T) [48] introduced to de-
scribe the degree of local extinction  by using the 
N2 – χ – REDIM chemistry and the N2 – θ2 – χ – 
REDIM chemistry along the centerline. Remember 
that BI(T) = 1 means complete burning solution, 
and BI(T) = 0 means complete extinction. It is seen 
that the BI(T) for Sandia Flame D is almost equal 
to 1 everywhere, indicating that the Sandia Flame 
D is a stable flame and low degree of local extinc-
tion is observed. The predicted BI(T) using the 
N2 – χ – REDIM chemistry agrees very well with 
the experimental measurements [35]. However, 

Table  
Model parameters and the corresponding values 

used in the simulation

Model 
Parameter

Value Applied Model

C0 2.1 Simplified Langevin 
Model [19]

CΩ 0.6892
Turbulent frequency 
model based on the 
gamma-distribution 

model [19, 44]

Cω1 0.71
Cω2 0.90
C3 1.0
C4 1.25
Cϕ 1.5 EMST mixing model [23]

Cχ 2.0 Scalar dissipation rate 
(Eq. 9) [11, 18]
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for Sandia Flame E, the lowest BI(T) is at position 
x/Dj = 7.5 and increases to around 1 at positions 
x/Dj ≥ 30 along the centerline. This shows that 
the a moderate degree of local extinction can be 
observed at positions x/Dj = 7.5 and 15, and a 
re-ignited burning solution is obtained at position 
x/Dj = 30. The numerical calculation shows that 
using the N2 – θ2 – χ – REDIM chemistry can well 
capture this phenomenon, while using the N2 – χ – 
REDIM chemistry overpredictes the burning index 
of temperature, indicating an underprediction of 
local extinction. Such inaccurate prediction of the 
local extinction can cause the inaccurate prediction 
for the thermo-kinetic quantities, as shown in the 
following text.

Figure 6 shows the conditional Favre-averaged 
mass fraction of CO (Fig. 6(a)) and H2 (Fig. 6(b)) 
over mixture fraction ξ at three different locations 
(x/Dj = 7.5, 15 and 30) for Sandia Flame D. It is 
observed that for Sandia Flame D, the numerical 
calculations using N2 – χ – REDIM and N2 – θ2 
– χ – REDIM provide almost the similar results. 
This is because, as already mentioned above, San-
dia Flame D has a low degree of local extinction 
and is a highly stable flame (c.f. Fig. 5). Therefore, 
the flame front of the Sandia Flame D can be con-
sidered as an ensemble of laminar steady flamelets, 
and the N2 – χ – REDIM (a bunch of various 1D 
REDIM depending on the χ –values) is already ac-
curate enough. The only inaccuracy predicted by 
using the N2 – χ – REDIM is the conditional mass 
fraction of H2 at position x/Dj = 30. At this down-
stream position, the H2 value predicted by N2 – χ 
– REDIM over-predicts the differential molecular 
diffusion effect, which has also been confirmed in 
[49] where the flamelet model for treating differ-
ential diffusion effect was applied. However, use 

   

Fig. 5. Predicted burning index of temperature for Sandia Flame D (a) and E (b) along the centerline. Symbols: 
experimental measurements [35]: (a) ‒ Sandia Flame D; (b) ‒ Sandia Flame E.

of N2 – θ2 – χ – REDIM can predict the H2 value at 
both upstreams and downstreams very well, indi-
cating that the effect of the differential diffusion is 
well captured.

In the Fig. 7, we show furthermore the condi-
tional Favre-averaged mass fraction of CO (Fig. 
7(a)) and H2 (Fig. 7(b)) over mixture fraction ξ at 
three different locations (x/Dj = 7.5, 15 and 30) for 
Sandia Flame E, in which a moderate degree of lo-
cal extinction and re-ignition can be observed. The 
under-prediction of local extinction at positions 
x/Dj = 7.5 and 15 by using the N2 – χ – REDIM 
(c.f. Fig. 5(b)) causes an over-prediction of CO 
and H2 mass fractions, while an accurate predic-
tion of local extinction by using the N2 – θ2 – χ 
– REDIM chemistry leads to a good agreement of 
CO and H2 mass fractions compared to the exper-
imental measurements [35]. At position x/Dj = 30 
where one has a burning solution (BI(T) ≈ 1, c.f. 
Fig. 5(b)), the result of CO mass fraction using the 
N2 – χ – REDIM again have a good agreement with 
the experimental measurements [35], while the 
overestimate of the differential diffusion is again 
observed in H2 mass fraction (same as in Sandia 
Flame D, see Fig. 6(b)). It should be mentioned 
that a slight over-estimation of CO mass fraction 
has also observed in [46] where the GRI 3.0 [39] 
detailed chemistry model is used. 

The remaining but also interesting issue is to 
check the predicted scalar dissipation rate. Al-
though the experimental measurements for the sca-
lar dissipation rates in the Sandia Flame D and E 
are not provided, Pitsch and Steiner investigated 
in [50] the conditional Favre-averaged scalar dis-
sipation rates      for Sandia Flame D based on 
the Large-Eddy-Simulation (LES) method using 
the Flamelet model. It can be observed from Fig. 8

(a) (b)
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that the     in the present work using N2 – θ2 – 
χ – REDIM chemistry gives the same qualitative 
(or even quantitative) behavior as in [50]: 1) the                                          
    decreases far from the jet outlet, and 2) the 
high values of      at x/Dj = 7.5 indicate a higher 

     

     

Fig. 6. Conditional Favre-averaged wCO and wH2 over mixture fraction at three different locations for Sandia Flame D. 
Symbols: experimental measurements [35]: (a) ‒ conditional mass fraction of CO; (b) ‒ conditional mass fraction of H2.

   

 

Fig. 8. Conditional Favre-averaged scalar dissipation rates at three different positions for Sandia Flame D. Black lines: 
prediction in [50]; Red lines: present work.

degree of local extinction (lower value of burn-
ing index, c.f. Fig. 5(a)), while the low values of       
       at x/Dj = 30 indicate a burning solution (higher 
value of burning index, c.f. Fig. 5(a)).

(a)

(b)
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4. Conclusion

The main subject of this work is the applica-
tion of the REDIM reduced chemistry for the 
numerical simulation of turbulent non-premixed 
flames. In order to include the turbulent mixing 
effect on the chemistry, the scalar dissipation rate 
has been considered as additional progress varia-
ble in the tabulation of the REDIM chemistry as 

                                                         . This has
been achieved by providing gradient estimates 
from detailed flame scenarios with different 
scalar dissipation rates in the REDIM evolu-
tion equation. Two different REDIM have been 
generated: one is the 2D REDIM tabulated as                          
                              ; the other is the 3D 
REDIM tabulated as                                               ,
and in both REDIMs, the detailed molecular trans-
port model (differential diffusion) has been con-
sidered.

The well-known turbulent non-premixed jet 
flames, Sandia Flame D and E [35], are selected for 
validation. The results show that the 2D REDIM is 
accurate enough for the prediction of Sandia Flame 
D which low degree of local extinction is observed, 
while the 3D REDIM must be used for the accurate 
prediction of Sandia Flame E which moderate de-
gree of local extinction is observed. Another im-
portant observation is that at downstreams the 2D 
REDIM over-predicts the differential diffusion of 
H2, while the 3D REDIM can accurately re-pro-
duce such phenomenon.
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