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Abstract

A hybrid RANS/Transported-PDF model for the simulation of turbulent reacting
flows based on automatically reduced mechanisms for the chemical kinetics
(reaction-diffusion manifold, REDIM) is presented in this work. For modelling
of turbulent reacting flows, chemistry is a key problem and affects largely the
accuracy. The PDF method has been widely used since the chemical source term
is in a closed form, without any modelling. Despite of this advantage of PDF
method, detailed chemical kinetics is not desired due to its heavy computational
effort. From this aspect, the detailed chemical kinetics is simplified by the reaction-
diffusion manifold (REDIM) method. The hybrid RANS/Transported-PDF model
based on REDIM reduced kinetics is applied to simulate the Sandia piloted Flame
E, which has a moderate degree of local extinction. The numerical results are
validated through comparison with experimental data and show good qualitative

and quantitative agreements.

1. Introduction

Numerical modelling of turbulent combustion
is based on the solution of the governing conser-
vation equations for mass, species, momentum
and energy. Direct numerical simulations (DNS)
are the most fundamental approach to solve the
Navier-Stokes (N-S) equations. It resolves all the
turbulent length scales with initial and boundary
conditions appropriate to the flow considered [1].
Conceptually DNS is the simplest approach with-
out introducing any models. However, its computa-
tional cost increases rapidly with increasing Reyn-
olds number, so that its applicability is restricted
to low to moderate Reynolds numbers [1, 2]. Due
to this limitation of DNS, several techniques re-
quiring modelling are developed and their com-
putational requirements are much less than DNS.
One technique is Large-eddy simulation (LES)
which solves relative large turbulent length scales
and the smaller-scale motions are solved by ap-
plying models [1, 3]. Another technique is solving
Reynolds-averaged N-S equations (RANS) [1].
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For turbulent reacting flow problems, turbu-
lence and chemistry have a strong interaction and
the simulation of this interaction is quite compli-
cated. One of the challenges is to simulate or model
chemical source terms, since they are influenced by
turbulent mixing, molecular transport and chemi-
cal kinetics. Most of the earlier developed mod-
els such as Eddy-break-up (EBU) model [4], k-&-g
model [5] and equilibrium-chemistry-assumption
model [2] are based on certain assumptions such as
infinite fast reaction rate. Hence, these models can-
not predict complicated reacting flows with igni-
tion, extinction and problems with slow reactions
(NO,, soot, etc.).

The probability density function (PDF) model
can overcome the complexity of solving the chem-
ical source term. In the transported-PDF equation,
the chemical source term appears in a closed form,
avoiding any modelling [6, 7]. Furthermore, by
solving the transported-PDF equation, the PDF
of velocity and thermo-kinetics scalars and, con-
sequently, their average values and statistical mo-
ments of any order can be obtained.
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To reduce the computational effort, reduced
kinetic models are needed. Usually, characteristic
time scales for a combustion system differ by or-
ders of magnitude from 1 s to 107'° s [8, 9]. Such
multiple scales cause the existence of low-dimen-
sional manifolds of slow and fast dynamic mo-
tions imbedded into the whole composition space
[8]. Accordingly, the whole state space vector can
be recovered by using the low manifold and the
main task is to find out thus low manifold in the
state space that can be used to approximate the full
system dynamics. In this work, the reaction-diffu-
sion manifold (REDIM) reduction method [10],
which takes physical transportation into account,
is applied to simplify the chemical kinetics, whose
whole evolution is continued to a manifold with a
much lower dimension.

In this work, a hybrid RANS/transported-PDF
model is discussed and applied. Furthermore the
REDIM as reduced chemical kinetics is used. Sim-
ulations based on RANS/PDF method and REDIM
reduced chemistry are performed for the famous
Sandia piloted Flame E, which represents moder-
ate degree of local extinction.

2. Hybrid RANS/Transported-PDF Model

The numerical method used in this work is a hy-
brid RANS/Transported-PDF model. This model
consists of two parts: one is the RANS providing
the hydrodynamic quantities; the other is the trans-
ported-PDF equation providing the thermo-kinet-
ic state of the flow. The principles of both models
will be overviewed and their coupling briefly dis-
cussed.

2.1 RANS model

In the RANS model the favre-averaged con-
servation equations for mass and momentum are
solved. The conservation equation for energy
needs not to be solved, since the favre-averaged
temperature T is determined in the PDF part from
the thermos-kinetic state of the fluid [11, 12]. Con-
sequently, the averaged ideal gas law

p=p"RgT, (1)

together with conservation equations, are solved si-
multaneously to obtain the mean velocities.

The unclosed terms of Reynolds stresses,
pu’w’ is obtained from the PDF part, as indicat-
ed in Fig. 1 (discussed later).

2.2. PDF model

A joint PDF (JPDF) of velocity, composition and
turbulent frequency f,,u4 (O, V, y; x, t) is employed
here. This is a one-point, one-time joint PDF which
has the main advantage to treat chemical reaction
exact without any modelling assumptions [6, 7].

A transported-PDF equation is solved to obtain
the PDF, which overcomes the problem that gen-
erally the PDF of a flow is a priori unknown. This
transported-PDF equation for £,y (O, V, y; x, 1)
reads [6, 7]:
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where S, () denotes the chemical source term,
D/Dt denotes to the material derivative and J, the
diffusion flux density. In (2) the mean viscous
stress J, and the mean diffusion 7;; are neglect-
ed because both terms are of little importance for
flows with high Reynolds numbers. It can be ob-
served that all terms on the left-hand side are in
a closed form, including the chemical source term
S.(y). However, all the conditional terms on the
right-hand side are unclosed and must be modelled.

The numerical integration of transported-PDF
equation is performed using a particle method. The
evolution of the composition vector can be calcu-
lated as

dep* . .
g’t =S(¢p) + M(¢p™, ..., ¢""P),i=12,...N, (3)

in which N, is the number of particles per cell.
S(¢*) is calculated from a lookup table generated
based on REDIM method, an automatic reduction
method of detailed chemical mechanisms. M is the
effect of molecular mixing process. For more de-
tailed numerical method readers may refer to [6, 7].

2.3. Coupling of RANS and transported-PDF model

The coupling between the RANS model and
the transported-PDF model is represented in Fig.
1. The Reynolds stresses pu;u;” and the favre-
averaged temperature R,T are calculated through
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Fig. 1. Overview of coupling between RANS and
transported-PDF model (particle method) based on
REDIM.

the particle method and serve as known quantities
for the favre-averaged conservation equations for
mass and momentum. The RANS model deter-
mines the favre-averaged velocity, used in particle
method to obtain the particle position, velocity and
turbulent frequency.

The reduced chemical kinetics of particles ¢*
is solved by using (3), which determine the tem-
perature of particles(R,7)* and the favre-averaged
temperature R,T as well.

3. Reduced chemical Kkinetics: Reaction-
Diffusion Manifolds (REDIM)

For practical applications, a complete solution
of the governing species conservation equations in-
cluding detailed chemical kinetics is impossible be-
cause reaction mechanisms always involve a large
number of chemical species and reaction steps [9].

However, one can observe that the whole dy-
namic system can be approximately described by a
much lower dimensional manifold, which is shown
in Fig. 2. In Fig. 2 two DNS results of premixed
turbulent methane-air-flame (left) [13] (DNS data
taken from [14]) and non-premixed hydrogen-air
counter-flow flame (right) [13] (adapted from [15])
in a 3D projection of state space are shown. We
observe clearly a low-dimensional structure and
the reason for such structure is that there exist dif-
ferent characteristic time scales describing chem-
ical and physical process in combustion systems
[8]. Following this observation, the manifold based
reduced kinetics was developed to find out this
low-dimensional manifold which reduces both the
stiffness and the dimension of the governing spe-
cies conservation equations.

In this work, the reduction method of chemical
kinetics, Reaction-diffusion manifolds (REDIM)
[10], is applied to reduce both the dimensionality
and stiffness of the PDE systems to be integrated in
the numerical simulation. In REDIM it decouples

= R

4

ot
Fig. 2. Distribution of composition states from DNS
in 3D projection of composition state space. Unit of
specific mole number is [¢] = mol/kg.

Figure is taken from [13] under permission of author.

the fast and slow processes automatically account-
ing for the coupling with physical transports. It is
because of the existence of fast timescales that the
whole evolution of chemical kinetics is governed
by an invariant manifold with a much lower di-
mension defined as:

M={P:¥=90), ¥:R">RY, @

in which m is the dimension of reduced chemical
kinetics, n the dimension of detailed chemical ki-
netics, ¥ the original full n-dimensional state vec-
tor and @ the m-dimensional vector of reduced co-
ordinates.

As proposed in [10], the invariance condition
for the slow manifold used in REDIM is:

0=(-%¥) &®O) ©

where @ (W(8)) is the sum of source term, convec-
tion term and diffusion term and ¥, is the Moore-
Penrose pseudo-inverse of W,

To find out the solution of (5), it is suggested to
solve the corresponding evolution equation:

ov(0
D a-wen ooy, ©

until the stationary solution of (6) reaches, yielding
the desired REDIM manifold defined in (5).
4. Numerical Setup

4.1. Test Case

To validate the hybrid RANS/Transported-PDF
method with REDIM reduced chemistry, the San-
dia piloted Flame E [16] is considered. A fuel jet
with diameter D = 7.2 mm consists of 25% meth-
ane and 75% air. The jet is surrounded by a coaxial
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pilot flame, which is operated lean. For Flame E
the Reynold number of jet is 33600, correspond-
ing to a jet velocity of 74.4 m/s. Due to its relative
high Reynold number, a moderate degree of local
extinction and re-ignition can be observed [16, 17].

4.2. Numerical method for RANS/Transport-
ed-PDF method

The equations of the RANS models are solved
by using the CFD code SPARC [18]. It is based on
a finite volume method to solve the compressible
RANS equations on block structured domains. For
our test case, a cylindrical coordinate system (x, r)
is used, where x is the downstream direction and r
the radial direction.

The transported-PDF Eq. (2) is solved by using
a Monte-Carlo particle method, because the numer-
ical effort increases only linear with the number of
dimensions [6, 7]. In this particle method, a set of
stochastic differential equations (SDE) are solved
for the evolution of notional particles. The posi-
tion of each notional particle is evolved by its own
velocity. The evolution of its velocity is modeled
by the simplified Langevin model (SLM) [1]. The
turbulent frequency is modeled based on the gam-
ma-distribution model [1]. The mixing process in
(3) is modeled by using the modified Curl’s model
(MCM) [19]. It should be emphasized here that the
mixing model has a large effect on the accuracy
of simulation results [20]. In the MCM, pairs of
particles within the same cell are randomly select-
ed and mixed with certain mixing intensity. Even
though the MCM is one of the classical methods
for the modeling of mixing process, it has some
shortcomings such as non-localness in physical
and composition space [21], resulting in discon-
tinuous jump processes. One advanced method to
overcome this problem is the multiple mapping
conditioning (MMC) [22]. In MMC pairs of parti-
cles are so selected that both are close in physical
and composition space. The MMC has also been
successfully applied in our previous study [12], but
here we focus on the MCM model only.

In Table 1, parameters and their values and cor-
responding applied models in PDF method are list-
ed. For more detailed explanation, please refer to
e.g. [1, 6]. In this work, radiation is not considered.

For the computational simulation, a domain
with 120D; x 40D; is used and discretized by 51
cells in x direction and 42 cells in r direction (total
2142 cells in computational domain). The numeri-
cal simulation is started with 50 particles per cell.

Table 1
Overview of parameters and their values and
corresponding applied models in PDF method

Parameter Value Applied Model
Cy 2.1 Simplified Langevin Model
Co 0.6893 | Turbulent Frequency Model
Coi 0.71
Co 0.9
C; 1.0
C, 1.25
C, 2.8 Mixing model

A particle number control is also applied [21]. The
maximal particle number within one cell is allowed
to be 60, and the minimal to be 40.

4.3. REDIM reduced chemistry and its validation
in case of laminar flames

To get the REDIM reduced chemistry, one must
solve (6), until the stationary solution is obtained.
In order to solve it numerically, one needs the ini-
tial conditions. In principle one can use any initial
profiles, since one is only interested in the station-
ary solution of (6) [10]. However, since the initial
profiles also define the boundary/ applicable region
of REDIM reduced chemistry, the configurations
important for Sandia Flame are considered.

For Sandia Flame, one has three different states:
(1) jet, (ii) pilot and (iii) air. Therefore, the initial
profiles consist of the following 4 configurations:
(1) jet-pilot laminar counter-flow diffusion flame,
(i1) pilot-air laminar counter-flow diffusion flame,
(iii) jet-air laminar counter-flow diffusion flame
and (iv) pure mixing between jet and air. For (i), (i)
and (iii) configurations, one calculates the laminar
counter-flow diffusion flame with different stretch
rate. The profiles are calculated by using INSFLA
[23, 24] and GRI 3.0 [25] as detailed mechanism.
In the calculation, unity Lewis number (Le = 1) is
considered.

In Fig. 3 several important laminar flamelets are
shown. Blue and brown lines are the configuration
of jet-pilot and pilot-air laminar counter-flow dif-
fusion flame, together yielding the upper boundary
of REDIM. Red lines represent the configuration
of jet-air laminar counter-flow diffusion flames
with the lowest (upper red line) and highest (lower
red line) stretch rate used in the initial profile. The
cyan line stands for the configuration of pure mix-
ing between jet and air, defining the lower bound-
ary of REDIM.
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Fig. 3. Contour plot of temperature as a function of
specific molar number of N, and CO, in REDIM. Black
full points: different states for Sandia Flame. Colored
lines: different critical flamelets of laminar counter-flow
diffusion flames. Unit of specific mole number is [¢] =
mol/kg.

The progress variables used here are specific
mole numbers of CO, (¢co,) and N, (¢n,), consis-
tent to the situation in previous study [11, 12]. That
means, a 2-dimensional (2D) REDIM is used. In
Fig. 3 the contour plot of temperature as a function
of progress variables N, and CO, in REDIM is also
shown. Note that in REDIM all the thermo-chem-
ical quantities such as enthalpy, mixture fraction
and mass fractions of species are functions of N,
and CO,.

An interesting question is, whether the REDIM
reduced chemistry can describe the flame extinc-
tion phenomenon, since for the establishment of
REDIM no a-priori information about flame ex-
tinction is required. In Fig. 4 the REDIM reduced
chemistry is compared with quenching flamelets
in N,-CO,-OH projection for the configuration of
jet-air laminar counter-flow diffusion flame. The
blue line is the stationary initial flamelet and green
lines are transient quenching flamelets. It can be
observed that the REDIM reduced chemistry (red
mesh grid) and the green flamelets “almost™ over-
lap, so that REDIM can describe the flame extinc-
tion process quite well.

To validate the 2D REDIM reduced chemis-
try, a numerical simulation for jet-air counter-flow
diffusion flame, one of the configurations in San-
dia Flame, is conducted and compared with results
based on detailed chemistry, which is shown in Fig.
5. Shown in figure are the temperature and mass
fractions of O,, OH and NO over specific molar

Fig. 4. Comparison of REDIM (red mesh grid) with
flamelets describing flame extinction of configuration
jet-air laminar counter-flow diffusion flame (solid lines)
in N,-CO,-OH projection.
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Fig. 5. Comparison of temperature, mass fractions of
0,, OH and NO over specific molar number of N, (¢n,)
for jet-air counter-flow diffusion flame. Circles: using
detailed chemistry. Lines: using 2D REDIM reduced
chemistry. Unit of specific mole number is [¢] = mol/kg.

number of N, (¢n,). It can be clearly observed that
the results based on 2D REDIM reduced chemistry
(lines) agree with those based on detailed chemistry
(circle) very well for all four quantities.

5. Results and discussions

To validate the hybrid RANS/Transported-PDF
method with REDIM reduced chemistry, the simu-
lation results will be compared with experimental
data for Sandia piloted Flame E [16]. The exper-
imental data can be downloaded from [17]. Note
that the dimensionless mixture fraction is deter-
mined according to the Bilger expression, which
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is consistent to the definition used in the experi-
mental evaluation [16, 17]. In the following, all fa-
vre-averaged quantities are written with tilde such
as favre-averaged temperature T or favre-averaged
mass fraction W .

Figure 6 shows the profiles of temperature and
mass fractions of CH,, OH and CO over mixture
fraction along the centerline of main jet (» = 0 mm)
plotted together with experimental data [17]. We
see that the simulation results agree very well with
the experimental data, although a slight deviation
of CO in peak value can be observed. This may be

2000

1500

1000

500

Fig. 6. Profiles of temperature and mass fractions of CH,,
CO and OH over mixture fraction along the centerline of
main jet (=0 mm). Circles: experimental measurement

T/K

we,

04 0.6 0.8 1

‘
£

0.2

0.15

0.1}

0.05

0.05

0.04

0.03

0.02

0.01

0 0.2 04 06

[17]; Lines: simulation results.
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caused by the uncertainty in the measurement or in
the reaction mechanisms applied.

Figure 7 shows the radial profiles of mean and
rms of mixture fractions at four different locations.
One can observe that the simulation results are in
good agreement with the experimental data at all
locations. The only noticeable deviation occurs at
the peak values for rms of mixture fractions. The
simulation results under-predicts the peak values,
which may be caused by the mixing model. It was
already shown that using other more advanced
mixing models with optimal mixing model param-
eter can predict these peak values much better [20].

In Figs. 8-10, the conditional means of tem-
peratures (Fig. 8) and mass fractions of CO (Fig.
9) and OH (Fig. 10) are compared at four differ-
ent locations to the experimental data. It can be
observed from Fig. 8 that the conditional mean
temperatures are slightly over-predicted at rich re-
gion for xD; = 7.5 and 15 and agree very well for
x/D; =30 and 45. From Fig. 9 the conditional mean
mass fractions of CO agree well with experimental
data under lean to stoichiometric conditions, while
under rich conditions they are largely over-predict-
ed for ¥D; = 7.5 and 15 and under-predicted for
%/D;= 30 and 45. The least convincing agreement is
for mean mass fraction of OH in Fig. 10, for which
the maximum over-prediction of the peak value is
about 50% (at ¥/D; = 7.5). Similar observations are
also obtained in [26, 27]. It is believed that the un-
der-/over-prediction of CO and OH under rich con-
ditions can be attributed to the mechanism.
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Fig. 7. Radial profiles of mean and root mean square (rms) of mixture fraction at /D, = 7.5, 15, 30 and 45. Circles:
experimental measurement [17]; Lines: simulation results.
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Fig. 8. Conditional temperature m atwD;=17.5,15, 30
and 45. Circles: experimental measurement [17]; Lines:
simulation results.
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Fig. 9. Conditional mass fraction of CO W¢q|¢ at vD, =
7.5, 15, 30 and 45. Circles: experimental measurement
[17]; Lines: simulation results.

4 %107

foi—45

0 0.5 1

£ £ ___
Fig. 10. Conditional mass fraction of OH wyy|¢ at ¥D, =

7.5, 15, 30 and 45. Circles: experimental measurement
[17]; Lines: simulation results.

In Fig. 11, scatter plots of temperature and mass
fraction of OH over mixture fraction at ¥/D; = 15
are compared with experimental measurement
[17]. We notice that the proposed method based
on REDIM can capture the local extinction (low
values of mass fraction of OH), even though the
degree of local extinction is still under-predicted.
Note that better scatter plots can be achieved using
more accurate turbulence model such as large eddy
simulation (LES) [28].

In Figs. 12-14, the PDF of temperatures at
xD; = 1.5 (Fig. 12), ¥D; = 15 (Fig. 13) and ¥D, =
30 (Fig. 14) for the corresponding four different
radiuses from experiment (black bars) and simula-
tion (blue bars) are plotted together and compared
with each other. It can be observed that the simula-
tion results agree with experimental data very well.

Scatter plot of Temperature

. Experiment Simulation|

2000 | 2000
1500 | 1500
1000 | 1000
500 500
0 0.5 1 0 0.5 1
3 3
Scatter plot of Mass fraction of OH

* 107

Simulation

0 0.5 1 o 05 1
£ 3

Fig. 11. Scatter plots of temperature and mass fraction of
OH over mixture fraction at /D, = 15. Left: experimental
measurement [17]; Right: simulation results.
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T /K T/K
Fig. 12. PDF oftemperatures atx/D,;= 7.5 for four different
radiuses. Black bars: experimental measurement [17];
Blue bars: simulation results.
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Fig. 13. PDF of temperatures atwD;= 15 for four different
radiuses. Black bars: experimental measurement [17];
Blue bars: simulation results.
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Fig. 14. PDF of temperatures atw/D;= 30 for four different
radiuses. Black bars: experimental measurement [17];
Blue bars: simulation results.

6. Conclusions

In this work, a hybrid RANS/transported-PDF
model based on 2D REDIM as reduced chemi-
cal kinetics for the simulation of turbulent react-
ing flows is presented and validated. The reduced
chemical kinetics, REDIM, allows an accurate
modelling with only a small number of parameters
(2 parameters in this work), which already account
for the effect of molecular transport in the compo-
sition space. Using the REDIM reduced chemical
kinetics largely reduces the computational simula-
tion time.

The hybrid RANS/transported-PDF model
based on REDIM is validated through one well-
known flame: Sandia piloted Flame E, which rep-
resents moderate degree of local extinction due to
its high Reynolds number. It is shown that simula-
tion results have very good agreement with exper-
imental data, except for the conditional favre-av-
eraged mass fraction of CO and OH under rich
conditions.

Including a radiation model with coupling of
REDIM reduced chemistry will be subject of fur-
ther work.
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